Abstract. In this paper, we shall show generalized Pólya-Szegö type inequalities of positive invertible operators on a Hilbert space for arbitrary operator means between the arithmetic and the harmonic means. Several related inequalities are considered, extending and improving some known results.
Introduction and Summary
Let Φ be a positive linear map on B (H), where B (H) is the algebra of all bounded linear operators on a Hilbert space H. Ando [1] proved the inequality .
Notice that A!B ≤ A♯B ≤ A∇B. It is well-known that the arithmetic (resp. harmonic) mean is the biggest (resp. smallest) one among symmetric means (in the sense AσB = BσA, where σ is an operator mean).
The operator Pólya-Szegö inequality, which is a converse of Ando's inequality (1.1) asserts that:
Theorem 1.1. Let Φ be a positive linear map and A, B ∈ B (H) such that mI ≤ A, B ≤ MI for some scalars 0 < m < M (I stands for the identity operator), then
It is worth emphasizing that the inequality (1.2) first proved in [10, Theorem 4] under the sandwich condition sA ≤ B ≤ tA (0 < s ≤ t) for matrices (see also [3] ).
Recall that a continuous real-valued function f defined on an interval J is called operator 
In this paper, we prove a general operator Pólya-Szegö inequality involving operator means as follows:
Let Φ be a positive linear map, τ, σ operator means such that ! ≤ τ, σ ≤ ∇, and let A, B ∈ B (H) such that sA ≤ B ≤ tA for some scalars 0 < s ≤ t.
(i) If f is an operator monotone increasing function, then
whenever st ≥ 1, and
whenever st ≤ 1.
In Sec. 2 we give a proof of Theorem 1.3, followed by several remarks and corollaries.
Proof and Corollaries
We state the following result to prove Theorem 1.3.
Lemma 2.1. Let A, B ∈ B (H) such that sA ≤ B ≤ tA for some scalars 0 < s ≤ t.
Proof. Here we only prove the corresponding scalar inequalities. We define f (
It is straightforward to see that
Consequently,
. Thus, from the relations (2.3) and (2.4) we get for any 0 < s ≤ x ≤ t,
whenever st ≤ 1. This completes the proof of the lemma. 
which is well known in [6, Theorem 13].
The next elementary lemma is given just for completeness.
Lemma 2.2. Assume that t is strictly positive operator and α ≥ 1.
(a) If f is an operator monotone, then
(b) If g is an operator monotone decreasing, then
.
After these preliminaries, we are now in a position to present the proof of Theorem 1.3.
Proof of Theorem 1.3. First assume that st ≥ 1. We observe that
On the other hand,
These two inequalities together imply (1.4).
One can see that
On the other hand, (2.7)
By combining (2.6) and (2.7), we have
Using the hypothesis made about Φ, we infer that
Thus the desired conclusion is proved.
We omit the proof of the case st ≤ 1 as it is the same as the case st ≥ 1 except instead of inequality (2.1) we use the inequality (2.2).
In the forthcoming corollary, we present an additive version of Theorem 1.2.
Corollary 2.1. Let Φ be a positive linear map, τ, σ operator means such that ! ≤ τ, σ ≤ ∇, and let A, B ∈ B (H) such that mI ≤ A, B ≤ MI for some scalars 0 < m < M.
(ii) If g is an operator monotone decreasing function, then
Proof. It follows from Theorem 1.3 (i) that
where in the first inequality we used (2.8) and the second inequality follows from the fact that
The other case can be obtained similarly by utilizing Theorem 1.3 (ii).
The next corollary can be compared to [4, Theorem 3] .
Corollary 2.2. Let A, B ∈ B (H) such that sA ≤ B ≤ tA for some scalars 0 < s ≤ t with st ≥ 1, and let g be an operator convex function with g (0) = 0. Then for for any τ ≥ ♯, σ ≤ ♯ and for any unitarily invariant norm · u ,
A♯B u , and (2.10) 
